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We discuss partitions of the edge set of a graph into subsets which are uniform in their internal 
relationships; i.e., the edges are independent, they are incident with a common vertex (a star), 
or three edges meet in a triangle. We define the cochromatic index z’(G) of G to be the 
minimum number of subsets into which the edge set of G can be partitioned so that the edges 
in any subset are either mutually adjacent or independent. 
Several bounds for z’(G) are discussed. For example, it is shown that S(G) - 1 s z’(G) *C 
A(G)+ 1, with the lower bound being attained only for a complete graph. Here S(G) nnd A(G) 
denote the minimum and maximum degrees of G, respectively. The cochromatic inciex is also 
found ffor complete n-partite graphs. 
Given a graph G, define a sequence of graphs Go, G1,. . . , Gk, with 
Go=G arid Gi+l= Gi -{*j 1 degc;, o = A(Gi)), 
with k being the first value of i for which Gi is regular. Let 4i’G) = 1 V(G) - V(G,)j + A( G,) and 
set 4(G) = min O~i~k(bi(G). We show that 4(G)-lsz’(G)s+(G)+l. We then say that a 
graph G is of class A, B or C, if z’(G) = 4(G) - l,&(G), or 4(G) + 1, respectively. Examples of 
graphs of each class are presented; in particular, it is shown tha! any bipartite graph belongs to 
class B. 
Finally, we show that if a, b, and c are positive integers wiih a s b s c + 1 and a s c, then 
unless a = c = b - I= 1, there exists a graph G having 6(G) = a, A(G) = c, and zr( G) = b. 
In [4], Lesniak-Foster and Straight began the stud; of the cochromatic number 
of a graph G. This parameter, denoted by z(G), is defined as the minimum 
number of subsets into which the vertex set of G can be partitioned so that each 
subset indudes an empty or a complete subgraph of G; The cochromatic number 
was considered because it involves the partition of the vertex set into subsets each 
of which is uniform in its intern31 relationships. For example, if we are using a 
graph to mcdel the relation of “is an acquaintance of” on a group of people, then 
we may be interested in subgroups where everyone knows all others, or no one 
else. 
For the edges of a graph there are three ways in which one can have uniformity: 
the edges are independent, they are incident with a common vertex (a star), or 
three edges form a triangle. In this paper we discuss an e:dge analog to the 
cochromatic number. The cochromatic iazdex of G, denoted by t’(G), is the 
minimum number of subsets into which the edge set of G can be partitioned so 
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that the edges inI any subset are either mutually adjacent or independent. Such a 
partitim s:” the edge set shall be called an (edge-) cocoloring of G. Thus an 
edge-cocoloring is a coloring of the edges so that each color class is an indepen- 
dent set of edges, a K,, or a star in G, We may also note that z’(G) = z@(G)), 
where L(G) denotes tne line graph of G. 
The cochromatic index is clearly bounded above by the chromatic index x’(G). 
I3y the famous theorem of Vizing [6], x’(G) s I+ A(G), where A(G) denotes the 
maximum degree in G. We thus obtain the following remark. 
Remcrilr 1. For any graph G, z’(G)s l+A(G). 
Another helpful remark is the following. 
semrrrlr 2. If H is a subgraph of G, then z’(H) s z’(G). 
Throughout he remainder of this paper p and q shall denote the order (number 
of vertices) and size (number of edges), respectively, of the graph under consider- 
ation, Other terms and notation can be found in Behzad, Chartrand and Lesniak- 
Foster [ 13. 
At this point it may be helpful to consider an example. Consider the graph G 
shown in Fig. 1. We show a cocoloring using 3 colors. To see that G cannot be 
Fig. 1. 
cocolored with 2 colors, observe that C, is 11 subgraph of G and z’( C,) = 3. Thus 
z’(G) = 3. We also note that G cannot be 3-cocolored unless a triangle is used. 
Our first theorem gives a lower bound for Y(G) and also gives the cochromatic 
index of complete graphs. 
Theorem 1. Let G 6e a graph and let 6 = S(G) be the minimum degree of G. Then 
z’(G) 2 S - 1, with equality holding for 6 2 2 if and only if G is complete. 
Ro& Wi use induction on S. The result is clearly true for S ~3. Let G be a 
aph Y ith S(G) = 8 24, and assume the: result holds for all graphs having 
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minimum degree less than 8. Note if p = 5, then G = K5 and z’(G) = 3. So assume 
~26. 
Let n = z’(G) and suppose El U E, U l . l U En is an edge-cocoloring of G. If no 
Ei induces a star, then IEil C&I. Hence 
and thus n 26. 
Thus we may assume that El consists of all edges of G incident with some 
vertex u. Consider the graph G - v. Note that S(G - v) 2 6 - 1. Let H be a 
spanning subgraph of G - v with S(H) = S - 1. By the induction hypothesis 
z’( G - v) 2 z’(H) 2 6 - 2, 
with equality holding if and only if G - v = H = K’. It follows that z’(G) 3 S - 1, 
with equality if and only if G = Ks+l. a 
CoroMary 1. If G is an r-regular graph, G# Kr+l, then r s z’(G) G r + 1. 
The covering number a(G) of G is the minimum number of vertices which 
cover the edges of G. The independfcace number /3(G) of G is the maximum 
cardinality of a set of independent vertices in G. Similarly one can define the 
edge-independence number P,(G). A well-known result of Gallai [3] says that 
cu( G) + p(G) = p. Our next result gives bounds for z’(G) in terms of the parame- 
ters a(G), P(G), and P,(G). 
Theorem 2. For any graph G, 
4 --cz’(G)sa=p-p. 
max(A, PI, 3) 
proof. TO obtain the lower bound, observe that if El UE, U . l l lJ E,, is a 
cocoloring of G, then lEjl smax(A, pl, 3). Thus qs n .max(A, &, 3). 
Next let {v,, v2, . . . , u,} be a minimum cover of G. Let El = {ut+ 1 u E V(G)}, 
andfor2~i~a,113tEi={uViIuEV(G)}-Uj=:Ei.ThenE,UE2U*.*UE, isa 
cocoloring of G. Hence z’(G) s cy. Cl 
& a corollary to Theorems 1 and 2 we obtain the cochromatic index of the 
complete n-partite graph, K(p,, p2, . . . , p,), where p1 < p2 < l - l s p,,. 
COrOflarV 2. Let G = K(p,, pz, .-. . , pn), where p1 s p2 s l 9 . up,,, with pn 2 2, and 
letp=p,+p,+-•+p,. Then 
z’(G) = p - p,,. 
Proof. This follows since S(G) = p-pn = cr(G). 
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As noted previousiy, A(G) s x’(G) s A(G) + 1 for any graph G. Thus any graph 
belongs to one of two classes; those with x’ - A are called class 1, while those with 
x’ = A + 1 are called class 2. Much work has been done trying to classify graphs as 
to class. As one reference, we direct the interested reader to [2], 
We next define a graphical parameter 4 and then show that any graph falls into 
one of three classes with regard to its cochromatic index. Given a graph G, 
define a sequence of graphs GO, GI, . . . , G,, with GO= G and Gi+l= 
C& -(u 1 dego, IJ = A(G,)}, with k being the first value of i for which Gi is regular. 
In other words, to obtain Gi+ 1 from Gi, remove from Gi those vertices having 
maximum degree in Gr. Then, let 
&i(G) = IV(G)- V(Gi)I + A(Gi), 
and let 4(G) = minf,6isk 4,(G)* 
Also, we find it convenient o study cocolorings in which every color class is 
either a star or an independent set of edges; that is, it is “triangle-free”. Thus, let 
e(G) denote the minimum number of sets in such a partition of the edges into 
stars and independent sets. 
Theorem 3 is preceded by several emmas. 
UUIWD A. Let G be a graph and X its set of vertices of maximum degree A. Then 
e(G)=A orA+l, or t(G)<A and r(G)=(XI+&(G-X). 
Roof. Since x’(G) s A + 1, we need only show that if e(G) < A, then t(G) = 
lX(+5(G-X). 
Suppose e(G) < A, and consider a triangle-free edge-cocoloring % of G. Let 
u E X. If no two edges incident with v receive the same color, then at least A 
colois are used to co&or the edges of G. Hence some two edges incident with u 
are colored the same, and we may assume, without loss of generality, that the 
edges incident with o form a s?ar S(u) in %. Now consider another vertex u E X 
and the edges incident with EL, except for the edge uv, if it exists. In a similar 
fashion we can argue that these edges form a star S(U) in %. Continuing in this 
way we can assume that every t, E X is the center of a star S(U) in %, where each 
edge of G incident with X belongs to some S(U). Thus % -{S(U) 1 ZJ E X} is a 
triangle-free cocoloring of G - X. Conv rsely, a triangle-free cocoloring of G - X 
yields a triangle-free cocoloring of G when augmented by these stars. Hence if 
k(G) ( A, then t(G) = 1X1+ e( G - X). Cl 
hmma B. t#~(G)=q(G)a#4G)+ 1. 
Roof6 We first observe that for any set S of vertices 
so tnat in particular, with S, = V(G)- V(Gi), we have t(G)=+(G)+1 for all i. 
This establishes the upper bound. 
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We establish the lower bound using induction on k (the first value of i where Gi 
is regular). If k = 0, then G is regular of degree A, and thus 4(G) = &(G) = 
A(G) s t(G) by Lemma A. So assume the result holds for k = h - 1 and let G be 
a graph for which the sequence is GO, Gi, . . . , Gh. Let X be the set of vertices of 
maximum degree in G, let H = G - X, and let H,, H,, e . u , AF&_l be the corres- 
ponding sequence of graphs, i.e., Hi = Gi+l. By the induction hypothesis, e(H) 3 
4(H). Furthermore, $i+,(G) = 4(H) + 1x1, so that 4(G) = 4(H) + 1x1. By Lemma 
A, &(G)=A(G), A(G)+l, or /X(+e(If). Now A(G)=&,(G), so that in the first 
two cases e(G) 2 &,(G). In the third case t(G) = I&Xl + s(H) 3 1X1-+- 4(H) = 4(G), 
which was to be shown. cl 
Lemma C. t(G)-l<z’(G)sl(G). 
Proof. The upper bound is immediate. We establish the lower bound by proving 
that if there is a cocoloring with ra sets, there is one without triangles and no more 
than y1+ 1 sets. First, if two triangle sets in a cocoloring have a common vertex v, 
we may replace these sets by two other sets, namely a star at v and a pair of 
independent edges. Hence we may assume that any two triangle sets in the 
cocoloring are vertex-disjoint. Now, if there are two or more triangles in a 
cocoloring, we may replace them with three sets of independent edges. This adds 
at most one more set to the cocoloringc Similarly, if there is just one triangle, 
replace it with a. star at one vertex and the other edge. This completes the proof. 
Theorem 3. With 4(G) defined cs before, 
4(G)--lsz’(G)s4(G)+l. 
Proof. The result follows at once from Lemmas B and C. cl 
In view of Theorem 3, we will say that a graph G is ok! &ss A, B or C if z’(G) 
is 4(G) - 1, 4(G), or 4(G) + 1, respectively. We now give examples of graphs of 
each class. 
It follows from Theorem 1 that any complete graph of order p 2 3 is of class A. 
Fig. 2 shows a non-complete graph of class A. For this graph z’ = 2 and 4 = 3. 
The next result yields many examples of class B. 
Fig. 2. 
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Theorem 4. lf G is a bipartite graph, then G is of class B. 
Proof. We wish to show that z’(G) = 4(G). Since G has no triangles, z’(G) = 
e(G). By Lemma B, e(G) 2 4(G). Note that if S is any subset of vertices of G, 
then 
&(G)+Sl+e(G-S)+I+A(G-S). 
This foilows since G - S is bipartite, and by a theorem of Kiinig [SJ, the chromatic 
index of a bipartite graph is equal to its maximum degree. Thus, with Si = 
V(G) - V(G&, we obtain e(G) s A (G) for all i. Thus e(G) s 4(G). This shows, 
that t(G) = 4(G). cl 
AS an example, consider the tree T shovrrn i Fig. 3a. The graphs T,, T2, and T3 
are shown in Figs. 3b-3d. We compute 
&,=A(T)=% 
~1=lV(T)-V(T,)(+A(T,)=1;3=4, 
&=IV(T)-V(Tz)(+A(T2)=3+2=5, 
43 =IV(T)- V(T,)I+A(T,)=6+0=6. 
a. T 
c. T 
2 
f 
l 
0 
b. T1 
l l 
l 0 
d. T3 
h 
l 
l 0 
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Thus z’(T) = 4(T) = 4. For a general bipartite G with z’(G) = 4(G) = &(G), we 
may cocolor G with 4(G) colors by taking stars centered at the vertices of G 
which do not belong to Gi, and then coloring the edges of Gi with A(Gi) 
independent sets. 
If G is a regular graph of degree r and z’(G) = r + 1, then G is of class C. Our 
next result implies that such graphs exist. In fact, it shows that any integer 
between the bounds S(G) and A(G)+ 1 is a possible value for t’(G). 
Theorem 5. Let a, b, and c be positive integers with a c b s c + 1 and a s c. Then, 
unless a = c = b - 1 = 1, there is a graph G with S(G) = a, A(G) = c, and z’(G) = 6. 
Proof. We consider three cases. 
Case 1. a = b. Let G = K(a, c). Then 8(G) = a, A (G) = c, and by Corollary 2, 
z’(G) = a. 
Case 2. a < b s c. Let H be an a-regular bipartite graph having c vertices in 
each partite set. Let G be obtained from H by adding b - a vertices in one partite 
set and making each adjacent to all c vertices in the other. Then S(G) = a, 
A(G) = c and by Lemma A and Kijnig’s Theorem, 
r’(G) = 
I 
min{c,(b-a)+a}= b, if bee, 
min{c, 2c - a} = c, if b = c. 
Case 3. b = c + 1 (so c 32). Let H be obtained from K(c, c) by subdividing one 
edge. Since H has no triangles, z’(W) = t(H) and by Lemma A, t(H) = A or 
A + 1. However, since A(H) = c, P,(H) = c, and IE(H)) = c2+ 1, z’(E) = C+ 1. If 
a=2, let G=H, and if a=l, let G=HUK,. For a>2, take a-l copies of H 
and join all the inserted vertices to each other to form G. Then S(G) = a, 
A(G)= c, and z’(G)= b. a 
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